The localization problem in nonstationary chaotic field with a long-range correlation, which is generated by the modified Bernoulli map, is numerically studied. The map can generate a stationary (BϽ2) and nonstationary (Bу2) sequence by changing the parameter B. We investigate the effect of correlation on localization in the electronic states by the Lyapunov exponent ␥ ͑the inverse localization length͒ and the localization length in the nonstationary regime. At the band center the potential strength, W, dependence of the Lyapunov exponent shows ␥ϳW 2 independent of the correlation strength B, while at the band edge the scaling form changes from ␥ϳW 2/3 to ␥ϳW 1/2 as the correlation increases. It is also numerically shown that the B dependence of the Lyapunov exponent obeys ␥ϰϪB for Bр2 and exponentially decreases for BϾ2. Furthermore we investigate the system size, N, dependence of the localization length. It is confirmed that in the strongly correlated cases (Bр3.0) the exponential localization remains, i.e., ␥ϳN (ϳ0), even for the weak potential strength (Wϭ0.01) in the thermodynamic limit. 
I. INTRODUCTION
The localization phenomena in the one-dimensional disordered system have been extensively studied. 1 It is well known that almost all the eigenstates are exponentially localized and the system has a pure point energy spectrum under the presence of any disorder. 2 Mobility edge and/or extended states occur in some onedimensional aperiodic systems. [3] [4] [5] [6] We consider the Schrö-dinger equation in the tight-binding approximation as, nϩ1 ϩ nϪ1 ϩV n n ϭE n . In the Harper model, the site energy sequence is generated by V n ϭ2 cos(2␣nϩ), where ␣ is a certain irrational number, and ,Q. 3 Aubry and Andre derived the localization-delocalization transition which occurs at ϭ1, based on the self-duality and HerbertJones-Thouless formula, 7 which combines the localization length and the density of states. 8 All of the eigenstates are localized for Ͼ1 and extended for Ͻ1. No mobility edge exists on the energy axis. On the other hand, the presence of the mobility edge dividing the localized states and delocalized states is numerically shown in the Soukoulis-Economou model, 4 V n ϭ1.9͓cos(0.7n)ϩ and the generalized Harper model V n ϭ2cos(␣n )(0Ͻ Ͻ1), the mobility edge and the scaling form have been reported. 6 The correlation of the sequence directly reflects the localization property of the wave functions.
We consider the effects of the correlation on the localization property in an aperiodic system with a long-range correlation. In the ␦-correlated disordered system, the correlation function of the on-site energy sequence behaves as C(n)ϵ͗V n 0 V n ͘ϭ␦ n 0 ,n . In the aperiodic system without any randomness, such as the generalized Harper model, the correlation function oscillates and does not decay. In the disordered system with a short-range correlation as, C(n)ϳexp ͕Ϫcn͖, the localization property apparently remains for the larger system size than the correlation length c Ϫ1 . 9 For example, in the random-dimmer model 10 obtained by the trans-
numerically proven that a discrete number of the eigenstates are extended. The measure of the extended states is zero for the infinite system. The experimental evidence for the extended states has been obtained by the transmission measurements on the random-dimmer semiconductor superlattice and the one-dimensional polymer. 11, 12 Recently, the effect of long-range correlated disorder in a potential field on the localization of the electronic states has been reported by some groups. [13] [14] [15] [16] [17] [18] 20 The long-range correlation can be characterized by the long tail of the correlation function C(n)ϳn Ϫs (sϾ0) and/or the power spectrum S( f ) ϳ f Ϫ␣ (␣Ͼ0). The localization-delocalization transition and the mobility edge in the long-range correlated-disordered system are discussed. 15, 20 In these cases the sequence ͕V n ͖ is generated by a ͑modified͒ fractional Brownian motion with a power spectrum S( f )ϳ f Ϫ␣ . Moura et al. showed that for the long-range correlation with persistent increments, the Lyapunov exponent of the wave function vanishes within a finite range of energy values revealing the presence of an Anderson-like metal-insulator transition. 15, 16 All the oneelectron states remain localized for ␣Ͻ2, but there is a finite range with the extended eigenstates for ␣Ͼ2.
Carpena et al. asserted a correlation-induced metalinsulator transition in the one-dimensional binary-alloy model. For a correlated chain with f Ϫ␣ (␣у1.9) power spectrum the localization length diverges proportionally to the system size as, ϰN, in the thermodynamic limit. 20 However, they retracted the conclusion by a reason that the critical threshold value for the correlation exponent was not a transition from insulator to metallic behavior in a disordered system, but a transition from a disordered to an ordered system. 20 In the present paper we mainly investigate the localization properties of the wave functions in the nonstationary chaotic field generated by the modified Bernoulli map. caused in the nonstationary regime (␣у1). In order to overcome the difficulty the map has a small parameter as a perturbation. 21 For more details, see the following section. On the other hand, Izrailev et al. showed the mobility edge may exist in the one-dimensional potentials with a correlated disorder in the weak disorder limit. 17 The result, based on the perturbation theory, claims that the delocalized states exist even for ␣Ͻ2. 17 Furthermore, Izrailev et al. dealt with the localization-delocalization problem as an ''inverse problem.'' It is easy to express the Lyapunov exponent ␥ as a function of the correlation function in the weak disorder limit WӶ1, where W means the disorder potential strength. Assume the form of the singularity has ␥ϳ͉E ϪE c ͉ at the mobility edge E c , and the potential sequence can be constructed depending on the singularity exponent . It is numerically shown that the reconstructed sequence consistently reproduces the E dependence of the Lyapunov exponent ␥. 17 Russ et al. discussed the localization in the onedimensional Anderson model with the self-affine random potentials, characterized by the Hurst exponent HϾ0. Then they considered a related model where the variance of the potential fluctuations is kept fixed for all the system sizes, and a transition between localized and delocalized states has been reported for HϾ1/2.
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More than a decade ago, Yamada et al. discussed the localization of the electronic state in the stationary chaotic regime with a long-range correlation, which is generated by a modified Bernoulli model. 13, 14, 18, 19 The statistical property of the sequence ͕V n ͖ can be characterized by the bifurcation parameter B. For BϽ2 the sequence is stationary, while for Bу2 the sequence becomes nonstationary. It has been reported that for the stationary regime (1рBϽ2) that corresponds to f Ϫ␣ (0р␣Ͻ1) power spectrum the system has pure point spectrum, and that almost all states are localized even in the correlated cases. 13 In the present paper we mainly investigate the Lyapunov exponent and the localization length of the modified Bernoulli model for the nonstationary chaotic regime 2рBр3 that corresponds to S( f )ϳ f Ϫ␣ (1Ͻ␣р3/2) in the power spectrum. For ␣у1 the fluctuation of the sequence ͕V n ͖ is nonstationary and the mathematical tools such as the spectral theory do not work. The critical case ␣ϭ2 in the Brownian motionlike model by Moura et al. corresponds to a limit B →ϱ in the modified Bernoulli model. In the band center, the scaling form of the potential strength, W, dependence shows as ␥ϳW 2 , independent of the correlation strength B, while in the band edge the scaling form changes from ␥ϳW 2/3 to ␥ϳW 1/2 as the correlation strength B increases. It is numerically shown that the B dependence of the Lyapunov exponent at the band center obeys ␥ϰϪB for Bр2 and the behavior rapidly changes around Bϭ2. 25 The change corresponds to a transition between the stationary chaotic regime and the nonstationary one in the chaotic sequence. Furthermore we investigate the system size, N, dependence of the localization length. It is confirmed that in the strongly correlated cases (Bϭ3.0) the localization length obeys ϰN (ϳ0) even in the weak potential strength (Wϭ0.01), which means the exponential localization in the thermodynamic limit. We also discuss the results in comparison with that obtained by Carpena et al.
The outline of the present paper is as follows. In the following section we introduce the model with a long-range correlation. In Sec. III we briefly review the results for the stationary regime which have been reported in our previous paper, and we give the numerical results for the Lyapunov exponent and the localization length in the nonstationary regime. In Sec. IV we give summary and discussion.
II. MODELS
Consider a one-electron system described by the following tight-binding one-band Hamiltonian with only diagonal disorder.
where ͕͉n͖͘ and ͕V n ͖ denote an orthonormalized set and an on-site energy sequence, respectively. The Shrödinger equation H͉⌿͘ϭE͉⌿͘ in the site representation becomes nϩ1 ϩ nϪ1 ϩV n n ϭE n , where n ϭ͗n͉⌿͘. The following expression by the transfer matrix M n is sometimes convenient:
Next, we briefly introduce the modified Bernoulli map and the statistical properties of the sequence. The map has been introduced to investigate the basic property of the intermittent chaos and the Hamiltonian chaos by Aizawa.
where B is a bifurcation parameter which controls the correlation of the sequence. b stands for the small perturbation which is set as bϭ10 Ϫ13 in this paper. The sequence is stationary for BϽ2 and nonstationary for Bу2. The stationary property is recovered by the perturbation though the essential property remains invariant for a long time nϽn b , where
21 We use the sequence ͕V n ͖ given by
where W is the strength of the fluctuation. Moreover, we mainly use the symbolized sequence ͕X i ͖ by the following rule:
In the stationary regime (3/2ϽBϽ2) the correlation function of the symbolic sequence decreases as a power law for large n,
In the nonstationary regime (Bу2) the correlation decays as
for nрn b . Note that the correlation of the sequence in the nonstationary regime is much larger than that in the stationary regime even if the perturbation is added. The power spectrum behaves as
It is analytically shown that the correlation function and the power spectrum for the symbolic case obey the above scaling forms though the nonsymbolic cases have the same property numerically. 22, 24 In the following section, although we give the numerical results for mainly the symbolic cases, similar results are true for the nonsymbolic cases qualitatively. The B→ϱ corresponds to S( f )ϳ f Ϫ2 in both nonsymbolic and symbolic sequences.
It is worth noting that in the stationary regime (BϽ2) the normalized stationary distribution ͑invariant measure͒ exists; on the other hand, when Bу2, the sequence becomes nonstationary and the normalizable measure does not exist when bϭ0. If the perturbation b is not introduced, the sequence is constructed by only the pure cluster of the same type of symbol with probability one for the nonstationary regime. The randomness or the complexity of the nonstationary regime is extremely low in comparison to that of the stationary regime. Then we cannot observe any decay of the correlation when bϭ0. This property of the sequence strongly affects the convergence of the Lyapunov exponents of the electronic wave functions, too.
The statistical property of the sequence in the symbolic case can be characterized by the pausing time, m, distribution P(m) which is defined by the time to change from W to ϪW ͑or ϪW→W) as P(m)ϳm ϪB/(BϪ1) . When BϽ2 mean of the pausing time is finite (͗m͗͘ϱ), and when Bу2 it diverges. The extremely long pausing time brings difficulties in the numerical estimation of the long sequence, and the simulation often gives extremely different results depending on the initial setting of the data. In order to overcome the difficulty that comes from nonstationary property, an asymptotic consideration is useful. The asymptotic limit b →0 was used to predict the behaviors in the nonstationary regime. 21 Moreover, the Allen variance and the largedeviation property are well investigated by Aizawa and co-workers. 26 Generally speaking, the deterministic chaotic field cannot be characterized by a unique ergodic measure, but includes many other ergodic measures ͑the multiergodicity͒. The measure-theoretical singularity brings about the incompleteness of the probabilistic description for the dynamical system, since the invariant measure is not normalizable in the nonstationary regime. In this sense the deterministic chaotic field is quite different from the purely probabilistic field described by only the one ergodic measure. 27 We investigate the localization property of the wave functions for the chaotic field in the following section.
III. NUMERICAL RESULTS
This is the principal section of the present paper. We mainly give numerical results of the Lyapunov exponent and the localization length of the wave functions for the modified Bernoulli model with 3/2рBр3. 25, 28 The system and ensemble sizes we used in the numerical calculation are 2
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, respectively.
A. Brief review for the stationary regime "BË2…
Originally the Lyapunov exponent is defined in the thermodynamic limit (N→ϱ), however, in the present paper we use the following definition for the Lyapunov exponents for the large system size N:
where N is the amplitude of the wave function at site N and ͗•••͘ denotes the ensemble average over the different configuration. We restrict our numerical computation within B р3, because it is difficult for the large value of B to detect the convergent Lyapunov exponents. The localization length is defined as ϵ␥ Ϫ1 . In the Sec. III D the details of the finite-size effect will be discussed based on the numerical results.
The numerical results of the Lyapunov exponent ͑includ-ing the system size dependence͒ in the stationary regime (BϽ2) have been reported in our previous papers; 13, 14, 25 here we do not repeat the details. In the regime, as the mean pausing time is finite it is easy to get the reliable numerical results, and the theoretical consideration based on the Furstenberg's theorem 29 can be applied. As a result the Lyapunov exponent in the band center is positive definite (␥Ͼ0), and the exponential localization remains.
It has been numerically shown the correlation effects on the convergent property of the distribution function of the Lyapunov exponents with respect to the increase of the system size. 13 When 1ϽBϽ3/2 the distribution converges the Gaussian function obeying the central limits theorem ͑CLT͒. In 3/2ϽBϽ2 the distribution deviates from the Gaussian and the convergence becomes slower than the ones obeying CLT. The property well corresponds to the statistical property of the distribution of the local Lyapunov exponents of the original sequence by the modified Bernoulli map. 26 It is worth noting that the long-range correlation does not necessarily imply a deviation from the Gaussian distribution as seen in the fractional Brownian motion. See, for example, Refs. 30 and 31.
B. Potential strength dependence
In this section we present the W dependence of the Lyapunov exponent ␥. can be expected by the theoretical prediction in the ␦-correlated case and ␤ depends on the energy. Figure 1 shows the W dependence of the ␥ at the band center (Eϭ0) in the binary model. In the ␦-correlated system the scaling form, ␥ϳW 2 , has been shown analytically. 32, 33 The scaling form is almost similar to the ␦-correlated disordered case independent of B. Moreover, it is found that for the small W(ϭ0.01) at Bϭ3.0 the fluctuation grows and the W dependence tends to derivate from the scaling form. Much larger system size and ensemble size are necessary to get the more stable numerical data . It is known that in the band edge (Eϭ2.0), the W dependence has the scaling form ␥ϳW 2/3 in the ␦ correlated disordered system. 33, 34 Figure 2 shows the W dependence of ␥ at the band edge in the binary model. It is clear that as the correlation increases the scaling form changes from ␥ ϳW 2/3 to ␥ϳW
. It is due to the presence of the almost pure cluster. Some facts have been understood by the asymptotic behavior of the random matrix products. 28 The scaling law ␥ϳW ␤ with ␤ϭ2/3 for ͗V n ͘ t ϭ0 and ␤ϭ1/2 for ͗V n ͘ t 0, where ͗•••͘ t means the long-time average, has been derived by some analytical methods. 35 The W dependence of ␥ for the nonsymbolic cases is almost similar to that of the symbolic cases.
C. Stationary and nonstationary transitions in the correlation dependence
We consider changes of the Lyapunov exponent from the stationary regime to the nonstationary regime. Figure 3͑a͒ shows ␥ at the band center as a function of B in the symbolic cases. It seems that close to a bifurcation point (Bϭ2.0) ␥ approaches zero for all the cases. Apparently, the Lyapunov exponent is positive definite (␥Ͼ0) for the nonstationary case, Bϭ2. The result is consistent with our previous one 13 and the conclusions in the other references. 15, 20 Moreover, Fig. 3 shows that even for the weak potential strength (W ϭ0.01) B dependence of ␥ rapidly changes like a ''transition'' around Bϭ2.0. The similar behavior is observed in the nonsymbolic model. ͓See Fig. 3͑b͒ .͔
The data in Fig. 3 can be fitted by the scaling law ␥ϰ ϪB for BϽ2. We use the simple extrapolation form as ␥ ϭC(W)BϩD(W)(C and D are constants͒ and estimate B* by ␥(B*)ϭ0. Then we get the estimated B* (ϳ2.2). If the conclusion is correct, the exponential localization fails in the non-stationary chaotic regime with the long-range correlation. However, generally the extrapolation form cannot be expected for the nonstationary regime Bу2 and the numerical accuracy is not enough to judge the transition from the localization to the delocalization around the transition point Bϳ2. Indeed, apparently the numerical value of ␥ does not vanish even for BϾ2.2. As shown in Fig. 4 for BϾ2.0 ␥ begins to decrease exponentially as a function of B. Accordingly, it seems that the rapid change of the functional form ␥(B) around Bϭ2 corresponds to a transition between the stationary regime and the nonstationary one in the sequence ͕V n ͖ generated by the map.
D. System size dependence of the localization length
We have reported the W and B dependences of the Lyapunov exponent for the large system size N. However, generally both the Lyapunov exponent and the localization length depend on the system size N. In fact in some reports the N dependence has been estimated in the correlated system. 13, 20 To compare the localization length with the system size is sometimes effective when we estimate the localization property in the thermodynamic limit.
In the binary model the N dependence of the localization length at the band center for the various W are shown in Figs. 5-7. The line shows ϭN. As shown in Fig. 5 for the case of Bϭ2.2 the localization length well converges and does not depend on the system size even for the weak potential strength (Wϭ0.01). Furthermore even in the cases B ϭ2.8 and Bϭ3.0 the localization length approaches a certain value as the system size increases in the thermodynamic limit. ͑See Figs. 6 and 7.͒ In the case of Bϭ3.0 we used a much larger ensemble size than the other ones in order to make the numerical accuracy improved. Note that the system and ensemble sizes are much larger than that obtained by Carpena et al. As seen in the weak potential strength cases in Figs. 6 and 7, the scaling behavior of the localization length changes from ϰN (0ϽϽ1) to ϰN (ϳ0) with the increasing system size. As a result, we can say the electronic states are exponentially localized for the large system size N→ϱ in all the cases within our accessible numerical experiments. Generally speaking, if the system size dependence of the localization length obeys ϰN (0ϽϽ1), the scaling form means a possibility of the delocalized state in the sense that ␥ϭ0 in the thermodynamic limit. 36 Indeed, if the amplitude of the wave function behaves as the stretched exponential form as n ϳexp͕n ͖(0ϽϽ1), the localization length grows as ϰN 1Ϫ in the thermodynamic limit (N→ϱ). The corresponding Lyapunov exponent vanishes as ␥ϰN Ϫ1 →0. For example, it is known that in the band center of the offdiagonal disordered model the growth of the amplitude shows the stretched exponential form (ϭ0.5).
As mentioned in the preceding section, if the perturbation is not introduced in the nonstationary chaotic regime (B у2) almost all the potential sequences become periodic ones even for the thermodynamic limit. Then the same attention as in the case of Carpena et al. is necessary. 26 The transition from the chaotic sequence to a periodic one occurs when B →ϱ and/or W→0. However, we confirmed that the ensemble of the sequence in our numerical data is constructed by the periodic sequences and the aperiodic ones. 26 The weight of the periodic sequence increases as the value B increases and the scaling form of the localization length approaches ϰN, which is true for the periodic cases. We also confirmed the distribution of the Lyapunov exponents for the wave functions for several cases in the nonstationary regime. It is qualitatively similar to the distribution of the Lyapunov exponents of the potential sequence in Ref. 26 . The peak around zero of the distribution overcomes the continuous background distribution and dominates the mean value ␥. Moreover, we have confirmed that similar results are obtained in the nonsymbolic cases. ͑See Fig. 8 .͒ As a result, in the thermodynamic limit the exponential localization remains even for the nonstationary chaotic field with the longrange correlation (Bр3.0). The result, consistent with the one in the disordered system, is that the electronic states remain localized for ␣Ͻ2. 
IV. SUMMARY AND DISCUSSION
We investigated the localization properties in the nonstationary chaotic field with a structural long-range correlation, which is generated by the modified Bernoulli map. The results we obtained in the present investigation are summarized as follows.
͑1͒ The ␥ at the band center (Eϭ0) in the binary model has a scaling form ␥ϳW 2 , independent of B. On the other hand, at the band edge (Eϭ2) the scaling form changes from ␥ϳW 2/3 to ␥ϳW 1/2 as the correlation increases. It is due to the presence of the almost pure cluster.
͑2͒ The B dependence of the Lyapunov exponent rapidly changes around Bϭ2, which corresponds to a transition between the stationary chaos and the nonstationary one in the sequence ͕V n ͖ generated by the map. In the stationary regime ␥ linearly decreases with increasing B. In the nonstationary regime (Bу2) the ␥ exponentially decreases as B increases.
͑3͒ In all the cases (Bϭ2.2,2.8, and 3.0) the localization length approaches certain values as the system size increases even for the weak potential strength Wϭ0.01. Accordingly we conclude that the localization of the electronic state remains even for the weak potential strength in the nonstationary chaotic field with the long-range correlation (Bр3) corresponding to the f Ϫ␣ (␣р3/2) power spectrum. The conclusion is consistent with the results in the disordered system with the long-range correlation. 15, 20 It is interesting to investigate the details of the change of the distribution form of the local Lyapunov exponent over the samples as B increases. We can expect the power-law singularity around ␥ϳ0 as observed in the original sequence ͕V n ͖. 26 We must note that the zero Lyapunov exponent does not always mean the extended states. The power-law localized states also have the zero Lyapunov exponents. It is interesting to investigate the transition dividing the exponential localization and the nonexponential one such as the power-low localization. Even in the ␦Ϫcorrelated two-dimensional ͑2D͒ disordered system the localization length is much larger than the 1D disordered system. The correlation effects on the 2D disordered systems 37, 38 and the quasi-1D disordered system with multichannel such as DNA ͑Refs. 39-42͒ are also interesting. 18 As mentioned in the preceding section, it is well known that in the 1D off-diagonal model a delocalized state exists at the band center even in the ␦-correlated disordered system as the eigenstate has the stretched exponential form, i.e., ␥ ϭ0. 43, 44 In the ␦-correlated case with a long-range hopping which obeys the inverse power law, the localizationdelocalization transition occurs. 45, 46 Moura et al. have reported the critical exponent ␣ c ϭ1 in the off-diagonal disordered model with the long-range correlation. 47 The offdiagonal model with the long-range correlation and the diagonal model with the long-range hopping generated by the modified Bernoulli map are also interesting. More details will be given in our forthcoming paper. 28 tion are widely expected to exist at the transition point of an order-disorder phase transition in some binary alloys and binary compounds. If the critical structure is quenched, the system can be modeled by the binary system with a long-range correlation. We can expect the symbolic binary sequence becomes a simple one-dimensional model for such a system. 20 the Hamilton system the non-stationary chaos is one of the universal phenomena and causes the long-time fluctuation and the anomalous relaxation and so on. Based on the incompleteness of the statistical ensemble in the nonstationary regime, some considerations for the chance and the necessity are given in these references. 22 The semi-Markovian property of the sequence after the coarse
